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ABSTRACT

The error coefficients MSE, RMSE, MAE, and the linear model measures r and R? are used in several
disciplines to quantify the agreement between predicted and observed numerical data. Typical applications
include forecast verification and model calibration. However, these coefficients have major drawbacks:
Whereas the error coefficients are not comparable between data with different scaling, the measures
from linear models are insensitive to additive or multiplicative biases. Here, we present a new categoriza-
tion of the various normalizations and other modifications proposed in the literature to overcome these
problems. We then propose a novel and simple idea to normalize MSE, RMSE, and MAE in analogy to
the construction of r: We divide each error coefficient by its maximum that is possible when considering
the given sets of predictions and observations separately. Unlike existing normalizations of error coeffi-
cients or skill scores, our new normalized coefficients treat observations and predictions symmetrically
and do not rely on past data. As a result, they are not subject to artificial bias or spurious accuracy
due to a long-term trend in the data. After discussing properties of the new coefficients and illustrat-
ing them with simple artificial data, we demonstrate their advantages with real data from atmospheric
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1. Introduction

Every prediction has to stand the test of observation. The most
familiar everyday example is probably the weather forecast. The
World Meteorological Organization (WMO 2019) states that for
each station, forecasts of certain weather parameters, such as
temperature, should be verified against the observed parameter
by calculating the mean error, the mean absolute error (MAE)
and the root mean square error (RMSE) over the days of a
month; for the formulae, see Table 1. However, the WMO (2019,
99) does not recommend calculating such error coefficients to
verify precipitation forecasts, probably for the following reason:
Imagine a precipitation forecast with a MAE of 5 mm at one
station and another with a MAE of 50 mm at another station
where it rains on average ten times as much. Which forecast
would you call “more accurate”? In the present paper we call
this kind of problem comparative forecast verification. A related
problem is the calibration of models to observations obtained
under different conditions. In the example above, consider a
(fictitious) weather model with one or more free parameters that
are to be determined in such a way that, over a series of days and
over the two stations, the precipitation predicted by the model
deviates “as little as possible” from the observed precipitation.
If the fit criterion to be minimized depends on the absolute
values, such as the MAE, then the station with the higher level of
precipitation will exert a greater influence on the result. We call

this type of problem comparative modeling. It should be noted
that in forecast verification, the observations used to evaluate
the predictions are made later in time, whereas in modeling,
the observations are made first and the predictions are based
on them.

A variety of disciplines face the problem of quantifying the
agreement between predicted and observed data (see e.g. the
overview of forecast papers from several disciplines in Gneit-
ing 2011, Table 2). As well as in the atmospheric sciences like
meteorology, climatology, and hydrology, forecast verification
and modeling play a crucial role in economics (quantities of
demand, production, sales, consumption, profit and loss are
being modeled and forecast, but also less predictable quantities
such as exchange rates or stock prices, see e.g. the textbook
by Hyndman and Athanasopoulos 2021), in the life sciences
(population dynamics, quantitative genetics, agriculture, see e.g.
Istas 2005), and even in cognitive psychology (reaction times,
error rates, eye movement parameters, e.g. Engbert et al. 2005;
Miller-Plath and Pollmann 2003; Van Zandt and Townsend
2012). In each of these disciplines, the researcher may face a
situation where datasets with different scales need to be han-
dled simultaneously. i.e. comparative forecast verification and
modeling.

The classical coefficients widely used to quantify the agree-
ment between predicted and observed numerical data are not
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Table 1. Formulae and bounds of five widely used classical coefficients of prediction accuracy. x1, . .

., Xp are the predicted values, y1, . . ., yn the corresponding observed

values. The difference d; = y; — x; is the prediction error for the ith data point. For more notations and relationships, see the text and the Glossary in Supplementary

Section A.
Name Formulae Eq. Bounds
19 19
Mean Absolute Error MAE = 5 Z; lyi —xil = 5 X% |dj]. (1) 0 < MAE
= i=
n n
Mean Squared Error MSE = % > i —x)% = % > di?. (2) 0 < MSE
iz i=1
Root Mean Squared Error RMSE = +/MSE. (3) 0 < RMSE
. . , . Sxy Sx
Linear correlation (Pearson’s product-moment correlation) r= S =b 5 (4) —-1<r<1
o7
Proportion of explained variance (determination coefficient of regression) R2 = S—; =r2, (5) 0<R <1
Y
suitable for the above situations: Whereas the error coefficients
such as the RMSE and the MAE are not comparable between Exemplary series of predictions and observations
data with different scaling, measures from linear models such —
. . . . 2 prediction x;
as the correlation r and the determination coefficient R* are o
. s s SR TOr . o~
insensitive to additive or multiplicative biases (see below). To Xi - /o/ °7 o
overcome these problems, different disciplines have produced ° o 0o °
. . . . \ / ~\ o ~Prediction error y;—x;
various normalizations and other modifications of the above 0o o— AN .
. . . LIS o ° /
coeficients, each of which has its own advantages and areas of yi \0\ / "/ LR \
L]
application, but in turn has introduced new problems in other \o/ ° observation y;
L]
areas. In this paper, we first propose a novel scheme for categoriz- ‘

ing the numerous modified coefficients in order to systematize
and guide interdisciplinary discussions on their advantages and
disadvantages in different application areas. Then we propose a
new and simple idea for normalizing the classical error coeffi-
cients that is suitable for “comparative forecast verification” and
“comparative modeling?” It is restricted to univariate numerical
variables in a finite sample, called deterministic or point forecast
in some disciplines. A classic example is a time series as found
in atmospheric sciences or economics. Problems of inferential
statistics are not covered.

Let us start with some comments on terminology: Depending
on the discipline, a coeflicient that compares predictions to
observations is termed fit error, accuracy, association, skill, etc. In
atmospheric sciences, coefficients that measure the correspon-
dence in absolute values (as in the above examples) are referred
to as accuracy, whereas coefficients that measure it relative to
that of a reference forecast are termed skill (Potts 2012). Dis-
ciplines that are more concerned with model fitting than with
forecasting often summarize all such coefficients as goodness-of-
fit measures, whether they are in absolute values or not, and
use a variety of terms in detail. In this paper, we will refer to
any coefficient reflecting the degree of correspondence between
predicted and observed data as prediction accuracy, regardless
of its sign, normalization, or whether it’s relative to a reference
or not.

1.1. Common coefficients of prediction accuracy

The basis for quantifying prediction accuracy is the joint (bivari-
ate) distribution of predicted values xi, . . ., x4, obtained by any
means, and the corresponding observed values y;,...,y, in a
finite sample of numerical data (notation from Gneiting 2011).
Figure 1 shows some sample data. In forecast verification, where

Index i

Bivariate distribution of predictions and observations
with lines of perfect prediction and linear regression
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Figure 1. Comparison of predictions and observations in a finite sample of n cases
in a “time series format” (upper panel; with an order on the pairs of data) and a
scatterplot format of the bivariate distribution (lower panel). The predicted values
aredenoted withxy, . . ., Xp, and the corresponding observed values with yq, . . ., yn.
Since the accuracy coefficients do not rely on the order of the sample points, the
lower panel forms the starting point of the present paper. The solid diagonal shows
perfect prediction (all y; = x;). The dashed line is the regression line of observations
on predictions §; = a + bx; (drawn to illustrate the difference between high
correlation and good prediction).

the observations are used to evaluate the predictions, it seems
more intuitive to denote the data pairs by (x;, ;) and to plot the
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Table 2. Data situations where the common coefficients from Table 1 are suitable (normal text) or not (indicated by — {...}); LM = linear model; the scope for our new
coefficients are the situations where none of the common coefficients are suitable, i.e. the framed leftmost and rightmost cells in the bottom row.

“Forecast verification”

Predictions made before observations

“Modelling”

Predictions made from observations

Data set(s) by any means (LM or other) by alLM other than by a LM

Uniform scaling MAE, MSE/RMSE MAE, MSE/RMSE MAE, MSE/RMSE
—(r.R?) r,R2 —(r.R?)

Different scaling — {MAE, MSE/RMSE} — {MAE, MSE/RMSE} — {MAE, MSE/RMSE}

(“Comparative”) —{r, R2} r, R? —{r, RZ}

predictions on the abscissa and the observations on the ordinate
of the coordinate system (see e.g. Wilks 2019, 370 and Fig. 9.8).
In modeling, where the observations are used to estimate param-
eters of a model (model calibration), it seems more intuitive to
denote the data pairs by (y;,x;) and to plot the observations on
the abscissa and the predictions on the ordinate of the coordinate
system. In this cross-application and cross-disciplinary work, we
need an abstract representation and have chosen the first. It can
be converted to the second at any point.

The index i = 1,...,n may represent points in time (e.g.
years in economy), points in space (e.g. grid points in meteo-
rology), experimental trials (in cognitive psychology), and so
on. Whether the order 1,...#n is meaningful (which we call
“time series format”) or not, depends on the application area.
For the prediction accuracy coefficients developed here, it is not
meaningful.

The difference d; = y; — x; is the prediction error for the ith
data point. Throughout the paper we assume that the variances
of the predictions and observations Sfc, Si > 0, i.e. that neither
of the two data series is constant. The prediction is perfect if
all the observed values are equal to the predicted values (i.e.
lie on the diagonal in the scatterplot in Figure 1). It gets worse
as the agreement decreases, and is worthless if the relationship
between observations and predictions is inverse. To illustrate the
problem of the correlation coefficient r as a measure of predic-
tion accuracy and its square R?, which are both concepts within
the framework of linear least squares regression, we contrast the
line of perfect prediction y; = x; with the line ; = a + bx;
of the linear regression of the observations yi,...,y, on the
predictions xj, . . ., x,. Notations and relationships are given in
more detail in the Glossary in Supplementary Section A.

Table 1 shows the five widely used coeflicients of prediction
accuracy mentioned above. As they are well known and found in
any textbook, no specific references are given. To visualize each
concept, the reader can use Figure 1.

Coeflicients of the first type are the error coefficients MAE,
MSE and RMSE (egs. (1)-(3) in Table 1). In order to remove the
units of measurement from the coeflicients, the various disci-
plines have developed various normalizations and modifications
of the error coefficients (see the literature review in Section 2 and
Table 3).

Coeflicients of the second type, the linear correlation coef-
ficient r and its square R? (egs. (4)-(5) in Table 1), measure
the progression similarity of predicted and observed data, as
roughly shown in the upper panel of Figure 1, but not their
numerical agreement. The linear correlation of predictions and
observations is their covariance Sy, normalized by its maximum
(ISxy| < Sx S) because of the Cauchy-Schwarz inequality). Note

that the perfect positive linear relationship » = 1, indicating that
all points lie on a linear regression line with positive slope, is only
a necessary but not a sufficient condition for perfect prediction
accuracy, since the latter requires that all data points lie on the
special regression line y; = x;, i.e. the linewitha =0and b =1
(see the bottom panel in Figure 1). It’s thus clear that r and R% are
insensitive to linear scaling (eq. (A.9) in Supplementary Section
A) and thus to additive and multiplicative prediction biases. In
modeling, such biases can occur if the predictions are made
by fitting the observations to a model that is not a linear least
squares regression. In forecast verification, where predictions
are made in advance of the verifying observations, biases can
occur regardless of the means by which they were obtained.
Although the problem is well-known (for detailed critiques,
see e.g. Li 2017, geosciences; Waldmann 2019, genetics; Dequé
2012, atmospheric sciences), r and R? have been proposed for
forecast verification (e.g. Von Storch and Zwiers 2002, 396), and
are widely used (see for example Krause et al. 2005, hydrology;
Norman et al. 2016, cognitive psychology; Daetwyler et al. 2008,
genetics). However, similar to the error coefficients, some disci-
plines have developed modifications of r to eliminate such biases,
as outlined in Section 2 and Table 3.

1.2. Aim of the paper and outline

The typical applications for our new prediction accuracy coefhi-
cients are situations where the drawbacks of both types of classic
coefficients coincide (the framed cells in Table 2): The error
coeflicients (MSE, RMSE, MAE) are meaningless when the data
is composed of data sets with different scaling (denoted by — in
the bottom row of the table). The goodness-of-fit measures from
linear least-squares modeling (r, R?) are prone to bias if either
the predictions are made before the observations that are used for
verification (denoted by — in the leftmost column of the table), or
if the predictions are made from the observations they are evalu-
ated against with, but by a method other than linear least squares
modeling (rightmost column of the table). The intersection of
drawbacks results in two typical use cases, “comparative forecast
verification” and “comparative modeling with other than linear
least squares models.” Here, our new normalizations come into
play. (Of course, they are also applicable in the other cases.)

In order to overcome the problems of incomparable scaling
and/or bias, various normalizations and other modifications
of the above coefficients have already been proposed in the
literature. To our knowledge, there is as yet no normalization
of the coefficients of prediction accuracy that treats the two
data sets, predicted and observed, symmetrically, and that does
not rely on past (reference) data. Both of these introduce new
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biases or artificial skill when it comes to comparative forecasting
and modeling. The aim of the present paper is to fill this gap.
To do this, we apply the idea that was behind the construc-
tion of r, where the unit-dependent covariance is divided by
the maximum value it can attain when the association of the
two data sets is disregarded and the two sets are considered
separately. Analogously, here we normalize the error coefficients
MSE, RMSE, and MAE by dividing them by the maximum value
that each coefficient can attain when the given sets of predic-
tions and observations are considered separately. The resulting
normalized coefficients MSE*, RMSE*, and MAE* thus range
between 0 and 1 (note that the normalized covariance, the
correlation r, ranges between —1 and 1 because the covariance
can be negative).

In Section 2, we review ideas of normalization and de-
biasing from different disciplines and briefly discuss some of
their advantages and problems. In Section 3, we algebraically
develop our new normalizations MSE*, RMSE*, and MAE*
for comparative forecast verification and modeling. By linearly
rescaling MSE*, we also obtain an alternative prediction accu-
racy coeflicient PAC, which is identical to the correlation coef-
ficient r in the special case of standard scores (z-scaled data;
see the Glossary in Supplementary Section A). In Section 4,
we derive properties of our new normalized coefficients for the
general case and illustrate them with some characteristics of
predicted and observed data. In this context, we discuss the
problem of a priori rescaling the data when modeling data sets
with different scaling. In the final Section 5, we apply the new
normalized coefficients MSE*, RMSE*, and MAE* to real data
from atmospheric sciences and show that they are obviously the
best choice for comparative forecast verification and modeling.

2. Normalization and de-biasing: literature review
and problems

Due to the aforementioned drawbacks of the classic coefficients
of prediction accuracy from Table 1, a plethora of proposals
for their modification have emerged, which differ somewhat
between disciplines. Since it is beyond the scope of this paper
to analyze and discuss their mathematical properties and rela-
tionships in detail, we will only give a brief overview of the main
lines of development. A deeper statistical treatment of some of
them can be found in Gneiting (2011).

Hyndman and Koehler (2006) have already provided a useful
categorization and an in-depth discussion of many modern coef-
ficients of prediction accuracy, but with a focus on applications
in economics and thus without including the accuracy measures
that are popular in atmospheric and cognitive sciences, such as
the NMSE (Pokhrel and Gupta 2010; Engbert et al. 2005, see the
first line of Table 3). We therefore propose an alternative scheme
for categorizing coeflicients that may systematize and guide a
more interdisciplinary discussion of advantages and disadvan-
tages in different application areas. It starts from the classical
coefficients MSE, RMSE, MAE, r and R? listed in Table 1, and
categorizes existing ideas for scaling or bias removal as follows:

(A) Calculate the coefficient from the raw data and then trans-
form the coefficient

(A.1) using measures from the sample data
(A.2) using measures from past data (‘reference measures’).

(B) Transform each data or pair of data

(B.1) using data from the sample
(B.2) using reference data, usually from the past

and then calculate the coefficient.

Table 3 gives examples of each type and literature from
different disciplines. As described in the cited literature, each
coefficient has its own advantages in some applications and
disadvantages in others. For comparative forecast verification
and modeling, none of the existing coefficients is ideal, so despite
the abundance of coeflicients of prediction accuracy, there is
still a need for new ones dedicated to this application. Some of
the following drawbacks will be illustrated in the case study in
Section 5.

Almost all so-called “normalized” error coefficients of type
A.1 use only measures of the sample of observations (Sy, ¥, ymax —
Ymin etc.) to eliminate the scale of the error. Characteristics and
outliers in the observations thus have a disproportionate influ-
ence (Ehret and Zehe 2011). Even the NMSE’ (Gupta and Kling
2011), where MSE is divided by S, S, the resulting “normalized”
coeflicient is asymmetrically bounded between [0, +oo[, making
it subject to distortion and bias.

Modifying a coefficient with measures from past (reference)
data, i.e. type A.2, is problematic when the current data have
changed relative to the reference, as in the case of climate change.
Fricker et al. (2013) discusses in detail how this can lead to a
“spurious skill” of the forecast, which would mislead the ver-
ification of the forecast and affect the choice of parameters in
comparative modeling.

On the other hand, calculating coeficients on relative instead
of original data (types B) distorts the information in the data and
is therefore also not suitable for comparative forecast verification
and modeling. Moreover, most relative error coefficients of type
B.1 suffer from the same problem as those of A.1. For example,
Armstrong and Collopy’s (1992) MAPE does not treat observa-
tions and predictions symmetrically so that positive and negative
errors do not contribute equally, and some, like MAPE, are
not even defined if one or more observations are zero. Type
B.2 shares the problems of A.2 in that anomalies are biased by
long-term changes in the reference value (Fricker et al. 2013).
The technique of correcting the bias a posteriori, i.e. chang-
ing the predicted values using the observed values as in the
cross-validated bias correction (last row in Table 3) has been
shown to introduce new artificial biases (Maraun and Widmann
2018).

So, after having critiqued all the lines of development theo-
retically, what is the state of the art practically when it comes
to comparative forecast verification and modeling? For com-
parative forecast verification, some recent papers have simply
used a selection of coefficients in parallel without problematizing
what would happen in case of disagreement (Audrino et al.
2020; Rahman et al. 2016; Afshar and Bigdeli 2011), whereas
others (e.g. Magnusson et al. 2022) used only a few well-founded
coefficients and discussed their results separately. Goelzer et al.
(2018) used RMSE to compare different modeling techniques
for predicting ice cover in Greenland across geographically not
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Type Original coefficient Modified coefficient Alternatives (coefficient names from the
(examples in literature) respective literature) and remarks
MSE .
Al MSE NMSE = —~ NMSE’ (Gupta and Kling 2011, hydrology); NNSE
Sy (Nossent and Bauwens 2012, hydrology); NSE
(Pokhrel and Gupta 2010, hydrology; Engbert (Nash and Sutcliffe 1970, hydrology); NSEcor, KGE
et a!. 2005, psychology; Hammi and Miftah 2015, (Gupta et al. 2009, hydrology); d, d, (Willmott
engineering) 1981, geosciences).
RMSE .
Al RMSE NRMSE = T Other NRMSE's: divide RMSE by ymax — Ymin, Sy,
N or IQRy (Otto 2019, marine sciences; Jacobs and
(Otto 2019, Zambresky 1989, marine sciences) Ferris 2015, rehabilitation); NRMS (Stephen and
Kazemi 2014, geology).
MAE
Al MAE NMAE = Other NMAE'’s: divide MAE by y or ymax (Abe et al.
Ymax — Ymin ) . 2020, solar physics; Previsic et al. 2021,
(CGoldli)erg et all'zzggg’ |nformaF|on sciences; oceanography); Eq (Legates and McCabe 1999,
antelmo etal. » economics) hydrology); ENMAE, ENMAE (Gustafson and Yu
2012, meteorology); dq (Willmott et al. 1985,
geosciences); MASE (Hyndman and Koehler
2006, economics).
MSE . . .
A2 MSE MSESS =1 — This skill score is interpreted as proportional
with MSEref improvement over the reference, in climatology
] - _ usually a reference period agreed upon.
MSEres = 7 D11 (/) — Jref)” and Jref the Alternative names: S5, (Wilks 2019, pp. 397,
mean value of a reference set of observations L 2 .
, L R atmospheric sciences), R4c (Audrino et al. 2020,
(Dequé 2012, p. 83, atmospheric sciences; ics) 0s
Campbell and Thompson 2008, economics). economics).
MAE .
A2 MAE MAESS =1 — Tk Analogous to MSESS, same literature.
ref
n PV
B.1 MAE MAPE = % > YizXi\ 100 sMAPE (Makridakis and Hibon 2000); MdRAE
=11 Yi (Armstrong and Collopy 1992), both economics;
(with or without factor 100; Armstrong and APE, RE (Gneiting 2011, general).
Collopy 1992, economics; Daum and Hecht 2009,
psychology, called REE there.)
B.2 r ACC=ryy “Anomaly correlation” The summation index i
with XI{ = Xj — Yrefj and yl{ = Ji — Yref j Where refers to a spatial (grid) point. The prediction and
Clem limatologi Il the observation at every grid point i are
Yrefi = m Zjé] Jji 15 a climatological average transformed into an anomaly, i.e. the difference
at spatial point/, and y; ; the observed value at of the current value to a temporal average value
time step j at spatial point i. ) calculated over a reference period agreed upon
(Wilks 2019, p. 453; WMO, World Meteorological (with summation index j), before the correlation
Organization 2023, atmospheric sciences) over the spatial series is calculated.
n
B.2 MSE MSE (CVBC) = % S i— x,f)2 Analogous to the “cross-validated bias
i=1

where x,f is the “cross-validated bias corrected”
prediction, i.e. x| = x; — est(Baqq). The
estimated bias est(Baqq) = Xyef — Vref iS
calculated from a reference sample of
predictions and observations, either formerly
obtained or by excluding each target year in the
averaging (cross validation).

(Dequé 2012, p. 81; Maraun and Widmann 2018,
atmospheric sciences)

correction” for MAE, same literature.

Notations are adapted to this paper (see the Glossary in Supplementary Section A)

tully overlapping datasets, i.e. for comparing forecast errors of
presumably different scales. Interestingly, the authors problema-
tize their use of RMSE in this case and suggest “an alternative
choice of metric” (Goelzer et al. 2018, 1441). The latter paper is
among those cited in the introductory chapter of the latest IPCC
report on methodology for evaluating models against observa-
tions (Chen et al. 2021, 225), and our present research can fill
this gap.

Comparative modeling, our second concern, seems to have
been carried out so far using one of the “normalized” error coeffi-
cients (e.g. the NMSE, see Table 3) or some self-made coefficient

based on it but adapted to include metric and categorical data
(Voudouri et al. 2021, for numerical weather models; Khain
et al. 2015, for cloud models). The dependence of the NMSE
on the variability of observations, especially outlier observa-
tions, has already been mentioned. Other disciplines have no
better solutions: In economics, for example, Singular Spectrum
Analysis (SSA) (Golyandina et al. 2001) is popular for model-
free forecasting. In psychology, comparative modeling is still
completely avoided by restricting model calibration to data sets
that have been a priori made comparable in their scaling by
the use of standardized experimental conditions (e.g. Engbert
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et al. 2005; Miiller-Plath et al. 2010). A normalized coefficient
of prediction accuracy for comparative modeling would open
up great opportunities for the discipline by allowing models to
be fitted post hoc to data, e.g. response times, from different
experiments. In the atmospheric sciences, the problem of cal-
ibrating climate models to (past) data is a major issue, as data
sets are often not comparable in scale. In the absence of a suitable
coefficient, model tuning is either avoided or done manually, and
the model fit is often checked by visual inspection (Mauritsen
et al. 2012; Mauritsen and Roeckner 2020). Interestingly, Bur-
rows et al. (2018) report the results of a broad community survey
on the fidelity of climate models. Respondents cited a “lack of
robust statistical metrics” as the biggest barrier to systematically
quantifying model fidelity (p. 1110). (These latter papers are also
cited in the introductory chapter of the latest IPCC report, Chen
etal. 2021, 182, 218).

3. Approach: new normalizations of the Mean
Squared Error, its root, and the Mean Absolute
Error: MSE*, RMSE*, MAE*

In this section, we normalize MSE, RMSE, and MAE at their
maximum possible values, given the predicted and observed
data. Our normaliztion thus belongs to category A.1 above, with
both data sets, the predicted and observed, being considered
symmetrically.

3.1. Developing MSE* and RMSE*

As mentioned above, our idea for normalizing the MSE is the
same as in defining the correlation r as the normalized covari-
ance (see eq. (4) in Table 1): Just as the covariance is divided by
its maximum value Sy S), yielding a coefficient that indicates the
linear relationship between two variables while ignoring their
univariate characteristics, we want to divide MSE by its maxi-
mum value that is possible when predicted and observed data are
considered separately. We determine this maximum by decom-
posing MSE into univariate measures of the two distributions
and the correlation r with known limits. This decomposition
of MSE is easily obtained from the computational formula for
the uncorrected sample variance (eq. (A.5) in Supplementary
Section A), applied to the prediction error d = y — x. By
rearranging the formula, writing out the variance of a difference
of variables (eq. (A.7) in supplementary section A), and applying
the definition of the correlation, eq. (2) in Table 1 becomes

MSE=d? = d? + &%
= G-+,
= G-0 4+ S5+, — 258 (6)
Equation (6) has already been derived by Murphy (1988)
and geometrically visualized by Taylor (2001), therein Figure
2; see also our Supplementary Section D. Given the means and
variances of the two data sets, it is obvious from eq. (6) that the

MSE attains its maximum if and only if r attains its minimum,
i.e.r = —1. In this case, eq. (6) reads

MSEmax = (7 — %) + S + ) + 255,

= -3+ S+ 5% ?)

By dividing the MSE by its maximum, we arrive at our nor-
malized mean squared error

MSE
MSEmax
_ % S — xi)?
G =22+ (S + )2
&2
p— - . (8)
d? + (S +§))?

MSE*:=

MSE* is therefore the mean squared prediction error, divided by
the sum of the squared mean prediction error and the squared
sum of the standard deviations. By definition, it ranges between
0 and 1, with 0 denoting no error (perfect prediction) and 1
denoting the maximum error possible with the given means and
standard deviations.

With the familiar rules of variance, covariance, and corre-
lation, which are briefly summarized in the Glossary in Sup-
plementary Section A, the MSE* as defined in eq. (8) can be
reformulated in a couple of ways. The following reformulation
may be useful for examining its properties:

S¢Sy + Sy

MSE¥=1—-2—— .
(}’_x)2+(sx+sy)2

€

Another reformulation describes MSE* as a function of cor-
relation and biases. Let

Buga =d =7y —x. (10)
denote the additive prediction bias, i.e. the mean prediction error
and thereby the difference of means. Further, let

(11)

denote the multiplicative prediction bias as the ratio of disper-
sions (standard deviations) of observed and predicted values.
Then,
Buuie (1 + 1)
(P2 + (1 + B2

MSE*=1-2 (12)

The proofs are in Supplementary Section B (eqgs. (B.8), (B.9))
together with some further reformulations. We will call a pre-
diction unbiased if it has neither an additive nor a multiplicative
bias, i.e. if Bygg = 0 and By = 1. In this case, eq. (12) implies

MSE* — "

(13)

The normalized root mean squared error is the square root of
MSE*:

RMSE* := +/ MSE*.

RMSE* also ranges between 0 and 1. Since MSE* and RMSE* are
monotonically related, they can be used interchangeably in most
applications, differing only in interpretation.

(14)



If one prefers a true “prediction accuracy coefficient” (PAC)
that measures prediction accuracy with the same bounds as the
correlation coefficient r measures linear relationship, one may
want to linearly rescale the MSE*:

PAC :=1— 2 - MSE*. (15)

The PAC ranges between —1 and 1. Prediction accuracy is low
when PAC < 0, and worst for PAC = —1. Positive values indi-
cate increasingly better prediction accuracy, with PAC = 1 being
the best (every y; = x;). In the case of unbiased predictions,
MSE* = 0.5(1 — r) and PAC = r, which is most easily seen
from eq. (12).

3.2. Developing MAE*

For a coeflicient that is robust against outliers, one might want
to normalize the MAE instead of the MSE. This is done anal-
ogously: We first determine the maximum value of the MAE
given the two univariate data sets and then divide the MAE by
its maximum.

Using the triangle inequality, the upper bound of each com-
ponent of the MAE is

|y — %) — (xi — %) + (i — )|
[y — x| + |xi — x| + |yi — ¥l

lyi — xil

IA

(16)

By summing up and dividing by #, the upper bound of the MAE
is thus

MAEpmax = [y — x| + MAD(x) + MAD(y), (17)

where MAD(x) denotes the mean absolute deviation from the
mean, an alternative measure of the spread of a data set (see the
glossary in Supplementary Section A). By dividing the MAE by
this maximum, we arrive at our normalized mean absolute error

MAE* := —MAE
MAE a2
% 2?21 lyi — xil
ly — x| + MAD(x) + MAD(y)
1dl

|d| + | MAD(x) + MAD(y)| | (9
MAEX is thus the mean absolute prediction error, divided by
the sum of the mean absolute prediction error and the sum of
the spreads, expressed as mean absolute deviation. By definition,
the coefficient MAE* ranges between 0 and 1, with 0 denoting
no error (perfect prediction) and 1 denoting maximum error.
Note the structural similarity of MAE* to MSE* in eq. (8).
The absolute value symbol around the sum of MADs in the
denominator of the last expression has been placed to emphasize
this.

4. Properties of the new coefficients

In this section, we examine how MSE*, RMSE*, and MAE*
behave in relation to characteristics of predicted and observed
data. We start in Section 4.1 by drawing some graphs of MSE*
and RMSE* as a function of the additive bias (difference of
means), the multiplicative bias (ratio of standard deviations),
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and the correlation r between predictions and observations
(Figure 2).

Secondly (Section 4.2), we discuss and visualize the effect
of certain characteristics of the data on our new coeflicients,
and then proceed the other way around and examine what
some specific values of the coefficients might tell us about the
relationship between predictions and observations. Altogether
twelve fictitious data sets are displayed in scatter plot format in
Figure 3, and additionally in a time series format in Figure C.1 in
the Supplement. In this context, we use the special case of stan-
dard scores (z-scores) to visualize the criticism of rescaling the
data before calculating an error coefficient in order to eliminate
scaling or bias (classified and discussed as type B in Section 2
and Table 3).

Thirdly (Section 4.3), we examine the behavior of MSE*
and MAE* under different types of linear scaling. In this con-
text, we discuss problems of using z-scores and other bias
corrections a posteriori. Linear transformations may also be
useful for various future applications and research, such as
comparing models with different scales, discussing relationships
with other normalized coefficients from the literature (Table 3),
or for investigating stochastic distributions and estimation
problems.

Moreover, in Supplementary Section D we relate our newly
normalized coefficient MSE* to the Taylor diagram (Taylor
2001) which is well-known for visualizing prediction accuracy.
The relationship is quite illustrative.

4.1. The normalized coefficients MSE* and RMSE* as a
function of correlation and biases

To plot the accuracy coeflicients as functions of correlation,
additive and multiplicative biases, we use eq. (12). Figure 2
illustrates the interplay of correlation and biases in their impact
on the normalized coefficients MSE* and RMSE*: In the leftmost
column of panels, the coeficients are plotted as functions of
correlation and multiplicative bias in the absence of additive bias,
in the second column from the left the same but with an additive
bias of 1. In the second column from the right, the coefficients
are plotted as functions of correlation and additive bias in the
absence of multiplicative bias, and in the rightmost column the
same but with a multiplicative bias of 2. Apart from the fact
that all effects are more pronounced for RMSE* (bottom row)
than for MSE* (top row) due to the square root, the following
pattern is evident in all eight panels: the higher the positive
correlation between predictions and observations (r close to 1,
see the bottom graphs in all panels), the stronger the effect of
biases on the accuracy coefficients. On the other hand, when
the correlation is close to 0 or negative (see the upper graphs in
all panels), the presence of biases makes almost no difference,
i.e. the coefficients are quite high and indicate low prediction
accuracy.

Conversely, the lower the biases (see the points near the
vertical line in the leftmost column of panels and in the second
column from the right), the more the correlation affects the
coeflicients of prediction accuracy. With increasing biases (see
the outer points in the second column from the left and in the
rightmost panels), the effect of the correlation decreases.
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MSE* as a function of MSE* as a function of MSE* as a function of MSE* as a function of
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Figure 2. MSE* (top row) and RMSE* (bottom row) as functions of correlation r and additive and multiplicative biases B;qq and Byt In order to depict the graphs
independently of the scaling, the additive bias is given in units of the standard deviation of the predictions Sx (see eq. (12)).

4.2. Distribution characteristics and coefficient values

How do specific characteristics of the predicted and observed
data impact the coefficients MSE*, RMSE*, and MAE*, and how
are predicted and observed data related when these new coef-
ficients adopt their minimum, maximum, or halfway between
minimum and maximum values? The graphs in Figure 3 illus-
trate this with some joint distributions of n = 8 predictions and
observations. The corresponding prediction accuracy coefficient
PAC, a linear transformation of MSE* which has the same range
as the correlation coeflicient r, is also given in each panel as
it may be more familiar to interpret (see eq. (15)). Possible
corresponding time series for each distribution are displayed in
Supplementary Figure C.1.

Table C.1 in Supplementary Section C gives the values of
the non-normalized coefficients MSE, RMSE, MAE of the twelve
depicted distributions together with their maximum values
MSEmax, RMSEmax and MAEm,y that are possible when consid-
ering the given sets of predictions and observations separately,
which have been derived in eqgs. (7) and (17) and are used for
normalization. Table C.1 can be used to illustrate the effects of
our new normalization in general: For example, when compar-
ing panels (b) and (d), the MSE is lower in (b) (MSE = 6.6) than
in (d) (MSE = 7.7), indicating a smaller prediction error, and the
MAE = 2.3 is equal in (b) and (d). However, as the maximum
possible values are much smaller in (b)(MSEpax = 12.9) than in
(d) (MSEmax = 38, due to larger variance of the observed data),
the seemingly better or equal prediction accuracy in (b) vanishes
and turns into the contrary when using the new normalized
coefficients (e.g., MSE* = 0.51 in (b) and 0.20 in (d)), which

is apparently more valid when looking at the two time series in
Figure C.1. Similar patterns can be found in other panels, for
example when comparing (j) to (h).

The panels (a)-(g) of Figure 3 illustrate in particular how spe-
cific characteristics of the predicted and observed data impact
the new coefficients: The perfect prediction in panel (a) (all
observations meet their predictions, so that all new accuracy
coefficients denoting error are 0 and PAC = 1) is degraded
by multiplicative bias in panel (b), additive bias in panel (c),
reduced linear correlation in panel (d) and negative correla-
tion in panel (e). Analytically, these three impacts can best be
understood with the help of Figure 2 in Section 4.1, which
rely on eq. (12) and plot MSE* and RMSE* as functions of
biases and correlation. Comparing (b) to (c) shows that the
multiplicative bias in (b) affects MAE* and RMSE* equally
whereas the additive bias in (c) does not. Moreover, the data
in (b) illustrate the problem of r as an accuracy coefficient
since despite perfect positive correlation, the numerical corre-
spondence of predictions and observations is obviously poor.
The large coefficient values MSE*, RMSE*, MAE* and PAC close
to zero reflect this. Panel (e) shows that a negative correla-
tion of even moderate magnitude leads to coeflicients close to
their maximum bad values even in the absence of additive or
multiplicative bias. This has been formally analyzed in Sec-
tion 4.1.

Figure 3 panel (f) displays an example without any particu-
larities, rendering it practically the most relevant one. Here, one
can see that the farthest outlier from perfect prediction, which
occurs at x = 3.5, affects the RMSE* more than the MAE*.
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Figure 3. Twelve fictitious sets of n = 8 predicted and observed data illustrate how characteristics of the data (shown inside the boxes) are related to the values of the new
coefficients (in the titles). In each panel, the continuous diagonal line is the perfect prediction y = x. The dashed line is the regression line of y on x, drawn to illustrate the
difference between high correlation and good prediction. See also Supplementary Table C.1 for details of the data sets and Supplementary Figure C.1 for corresponding

“time series formats.”

The impact of z-scaling on the accuracy coefficients is illus-
trated in panel (g). By z-scaling, the data of a sample are rescaled

so that each value denotes its deviation from the sample mean
in units of the sample standard deviation (see Supplementary
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Section A). The resulting standard or z-scores simplify many
statistical calculations. Concerning predictions and observa-
tions, standardizing both series eliminate all biases and thereby
apparently the disadvantage of using r as a measure of prediction
accuracy. In panel (g) of Figure 3, the data from panel (f) were z
scaled. As a result, the correlation r = 0.83 is unaffected, and the
additive and multiplicative biases are removed. In consequence,
the coefficients MSE*, RMSE*, and MAE* are smaller in (g) than
in (f) (and PAC larger), thereby implying a better correspon-
dence of predictions and observations than is actually there. This
problem has been mentioned as “artificial skill” in the discussion
of bias correction techniques of type (b) in Section 2. (Problems
of applying z-scaling and other bias elimination a posteriori in
comparative forecast verification and modeling are treated more
in-depth in Section 4.3 (iii).)

The panels (a), (h), (i), (j), (k), and (1) of Figure 3, on the
other hand, illustrate how predicted and observed data may
be related when the new coeflicients adopt their minimum,
maximum, or halfway between minimum and maximum values.
Let us therefore start again with panel (a), where the minimum
value 0 of each normalized accuracy coefficient indicates perfect
prediction. Figure 3 panels (i-k): The maximum value 1 in the
normalized error coefficients indicates the “worst prediction
possible” But what exactly does this mean when using the dif-
ferent coeflicients? For the normalizations based on the MSE, it
has already been shown in eq. (6) that MSE* = RMSE* = 1
is equivalent to r = —1. Three data examples are shown in the
panels (i) (no bias), (j) (multiplicative bias with overdispersed
predictions), and (k) (additive bias with overall too large predic-
tions). For MAE* = 1, i.e. for MAE to attain its maximum, it can
be seen from eq. (17) that two conditions must be met:

MAE* =1 & MAE = MAE )«

& (i) (yi — y)(xi — Xx) < 0 for every i, and
(ii) y —x = 0,1i.e. Boga = 0.

The mean absolute error thus attains its maximum if and only
if for every data point, the predicted and the observed values lie
on opposite sides of their respective mean (non-positive cross
product), and there is no additive bias. These conditions are met
in panels (i), (j), (1). For comparing MSE* and MAE* with regard
to their maximum, compare particularly the data set in panel (k),
where MSE* is worst but not MAE* because of the additive bias,
with that in panel (1), where MAE* is worst but not MSE* because
of each cross product being negative but r # —1.

Figure 3 panel (h) illustrates one specific example of the
“halfway” value MSE* = 0.5. It is met if predictions and
observations are uncorrelated and the prediction is unbiased
(see eq. (12)). However, it is easily seen from eq. (12) that these
conditions are sufficient but not necessary, which some other
graphs in Figure 3 may roughly illustrate.

4.3. Behavior of MSE* with linear scaling; bias correction a
posteriori

Under this heading, we can distinguish different cases with
different applications, including the use of z-scores or other bias
correction a posteriori. We start with the most general case
so that the others are obtained as special cases. MAE* is only

included in the ordinary linear scaling case (ii) because of the
less nice mathematical properties of the absolute value function
already mentioned above.

(i) General linear scaling: Let us linearly rescale the predicted
and the observed values with coefficients that are not nec-
essarily identical, i.e.

Xi=s+txjandy; =u+vy;. (19)

for some real numbers s,t, u,v with t,v # 0. Let fur-
ther MSE* denote the normalized MSE* for the rescaled
variables. With the familiar linear scaling rules for mean,
standard deviation, and covariance (egs. (A.1), (A.3), (A.8)
in the Glossary in the Supplement), we use the expression
in eq. (9) to arrive at

|£] 1] S Sy + tv Sy

(u+vy—s—1tx)%+ (|t Sx + V[ $))?
(20)

MSE* =1-2

(ii) Ordinarylinear scaling: Since x and y denote the same phys-
ical quantity, predicted and observed, in most cases they are
being rescaled with identical linear coefficients. This applies
when we want to transform our variable for comparing
prediction accuracy across studies using different scales,
e.g. degrees Fahrenheit and degrees Celsius. With s = u
and t = vin eq. (19), eq. (20) reduces to

[v[|v] Sx Sy + vv Sxy
(u+vy—u—v)?+ (v S+ |v[S))?
Se Sy + Sy

= MSE*.

MSE* =1 —2

1)

MSE* and RMSE* are therefore invariant against ordi-
nary linear scaling. The same holds for MAE*, which can
be shown by analogy. (Note that the invariance of MSE*
against ordinary linear scaling could likewise be obtained
by applying the definition (eq. (8)) to the linearly trans-
formed variables.)

(iii) Unbiased prediction; z-scores and other bias correction a
posteriori: If the prediction is additively and multiplica-
tively unbiased, i.e. predicted and observed values have
identical means and variances, then MSE* is a simple linear
transformation of the correlation r, and the two coeflicients
can be used interchangeably to assess the prediction accu-
racy (see eq. (13), repeated here for clarity):

MSE* = 0.5 (1—r), RMSE* = ,/0.5(1 — r) and PAC = r.
(22)

A special linear transformation for equalizing means
and variances and thereby eliminating biases is the use of
z-scores, which are computed separately for predictions and
observations. A z-score of a data point in an empirical data
set denotes its difference from the arithmetic mean in units
of the standard deviation of the data set, which implies a
mean of zero and a variance and standard deviation of one
(see the definition in Supplementary Subsection A.5 and
egs. (A.12), (A.13) therein). With zero means and unit vari-
ances in predictions and observations, the prediction is by



definition unbiased and the MSE* of the z-scores is a linear
function of their correlation 222y This correlation 12,2, 18
also the slope of the regression line when performing the
linear regression of observed on predicted z-scores or vice
versa, and equal to the correlation ry,, of original predictions
and observations (see egs. (A.14), (A.15) in the Supplement;
the reader might use Figure 1 and Figure 3 panel (g) for
visualisation). However, despite all statistical simplicity, we
would like to emphasize that in the prototypical situation in
which one would want to use normalized accuracy coefhi-
cients, namely for assessing prediction accuracy, the result
in eq. (13) shows that any such de-biasing, including z-
scaling, yields an artificial accuracy (“spurious skill”). In
other words, eliminating all biases precludes diagnosing
them. Since predictions and observations are transformed
separately, the MSE* (and also the RMSE* and MAEX) are
usually smaller, thus apparently better, with z-scores than
with the original data (see eq. (20), Figure 3 panels (g) vs.
(f), and the corresponding Table C.1 in the Supplement).

A more general bias correction a posteriori, i.e. after
predictions and observations have been obtained, is given
by eq. (23) below: The predictions are rescaled using means
and standard deviations so that multiplicative and additive
biases are removed:

PR S (23)
Xi = = X - 2%,
i S, i Y S,
implying $ = S} and X = y because of the familiar

linear scaling rules for means and variances (eqs. A.1 and
A.2in the Supplemental Material). Obviously, this rescaling
produces similar artificially low coefficients MSE*, RMSE*,
and MAE* as the z-scaling. We have written this paragraph
mainly in order to discourage such attempts. (That even
more sophisticated a posteriori bias-correction techniques
such as cross-correlation almost inevitably lead to artificial
measures of accuracy, has been extensively discussed in the
literature (e.g. Dequé 2012; Maraun and Widmann 2018)
and has been mentioned above in Section 2).

5. Application: case study

As mentioned in the introduction (Table 2), the new normalized
coeflicients of prediction accuracy are particularly beneficial for
comparative forecast verification and modeling if two conditions
are met: First, the data consists of data sets with different scales
(otherwise, the unit-dependent coefficients MSE, RMSE or MAE
were applicable and comparable between data sets without prob-
lems). Second, the predictions are not obtained from the obser-
vations by a linear least-squares model fit (otherwise, r and R?
could be used because additive and multiplicative biases were
excluded). With a data example from atmospheric sciences we
demonstrate the advantages of our new normalized coefficients
RMSE* and PAC over the classic RMSE and r in such conditions.

5.1. Data

We employed singular spectrum analysis (SSA, Golyandina et
al. 2001, 2018) in an attempt to forecast monthly rainfall in
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African countries based on past rainfall. Although the attempt
itself failed in most parts, the results are well suited to compare
the performance of RMSE* and PAC with that of RMSE and
r in forecast verification because almost the entire range of
coeficient values occurred. Here we present forecasts of monthly
rainfall in Ethiopia for the years 1978-1985, based on SSA
rainfall reconstructions for the years 1920-1977.

Both of the above conditions were met: First, the data con-
sist of twelve monthly rainfall subsets scaled differently (see
six example months in Figure 4). Second, the forecasts were
produced by SSA and not by linear least squares modeling of
the observations, so additive and multiplicative prediction biases
may well occur.

The rainfall data were taken from the Climatic Research Unit
of the University of East Anglia (2022), using Harris et al. (2020).
All calculations and plots were conducted with R (R Core Team
2022).

5.2. Method

The basic aim of SSA is to decompose a time series into a sum
of meaningful components plus noise without making assump-
tions about a parametric form of these components (Golyandina
et al. 2001). From this composition, on the one hand the hypo-
thetical time series without noise can be reconstructed, and on
the other hand it can be extrapolated into the future to provide
a forecast. In basic SSA, two parameters determine the result,
i.e. which variation of the data is considered meaningful and
which is considered noise: L, the so-called window length, and
d, the number of eigenvectors considered (number of additive
components). Since a numerical determination of L and d, i.e.
a classical model fit, is not possible (in the extreme case the
noise can always be set to zero), pragmatic criteria have been
established: For the window length L, Golyandina et al. (2018,
ch. 2.1.3.2, 2.1.5.1) recommend to choose about half the length
of the time series. For d, there is a tradeoft between a good
reconstruction (the larger d the better) and its meaningfulness
and predictive power if there is regularity in the data (too large
a d-value is counterproductive).

Of the two applications of our new coeflicients, comparative
forecast verification and modeling, only the first is shown in this
case study. As required for SSA forecast verification, the data
sample was split into two time periods: The years 1920-1977
were used to run the SSA on the twelve monthly rainfall series
with the parameters L and d set equally for all months, namely
L = 29, half the length of the time series as recommended, and
d = 7. With the obtained decomposition of the time series, we
forecast (or better, hindcast) the monthly rainfall for the years
1978-1985. For this forecast period, we assessed the agreement
between the forecasts and the observations on the one hand with
the classic coefficients of forecast accuracy RMSE and r, and on
the other hand with our new normalized coefficients RMSE*
and the PAC (as mentioned, the latter ranges from —1 to I,
which allows a more familiar interpretation analogous to r). In
order to assess the adequacy of each coefficient for comparative
forecast verification, we adopted a rather intuitive approach, well
aware that it entails the risk of circular reasoning (the reader
is invited to judge this by scrutinizing the results presented
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Figure 4. Monthly rainfall series from Ethiopia in the years 1920-1985 for six selected months of the year with different levels of rainfall (January, February, March, May,
October, December). SSA decomposition and reconstruction was applied to the data to the left of the vertical line (58 years, 1920-1977). SSA forecast was applied to the
data to the right of the vertical line (eight years, 1978-1985). The black dots indicate the observed monthly rainfall (CRU 2022), the white dots the reconstructed (left) and

the forecast (right) monthly rainfall.

below): For every pair of predicted versus observed data, we
separately determined the additive bias B,gq, the multiplicative
bias Bult, and the “progression similarity” r, which we regarded
to be the relevant components of agreement (see Section 4.1),
and then discussed how these components were reflected in the
coefficient values obtained for each of the 12 monthly rainfall
series. We also calculated some coefficients proposed in the
literature for normalization and de-biasing (see Table 3), namely
the normalized mean square errors NMSE (Pokhrel and Gupta
2010) and the NMSE’ (Gupta and Kling 2011), the mean squared
error skill score MSESS (Dequé 2012) using the 1920-1949
average as reference, and the mean absolute percentage error
MAPE (Armstrong and Collopy 1992), and examined whether
the issues of criticism reviewed in Section 2 were visible in the
rainfall data.

5.3. Results and discussion

Figure 4 shows the monthly rainfall series in Ethiopia and the
SSA results for the two periods, the years 1920-1977 (SSA recon-
struction) and the years 1978-1985 (SSA forecast) in six selected
months of the year. The ordinates show that the series are
scaled differently: rainfall in December, January and February
is much lower than in May and October. The six months have
been selected for illustration because here, the forecasts exhibit
the most interesting characteristics where our new normalized
coeflicients show their superiority, and/or where the problems of
some of the normalizations from the literature become visible.
This is further detailed in Table 4, which covers all months of
the year, and in Figure 5, which is related to the theoretical
discussion in Section 4.2 and corresponds in format to Figure 3.

We restrict this discussion to the six monthly series depicted
in Figures 4 and 5, as these are sufficient to show the advantages
of the new normalized error coefficient RMSE* and accuracy
coeflicient PAC. After discussing these months individually, we
examine where the advantages and disadvantages of the normal-
izations from the literature show up in the data.

The forecast of January rainfall (first panels in Figures 4 and
5) failed most prominently. This shows in a multiplicative bias
of more than 8 (the observed rain varied eight times more than
the predicted, largely due to an outlier in the observations), and
a negative correlation between predictions and observations.
Accordingly, the RMSE* and the MAE* are close to their max-
imum, and the PAC = —0.58. The PAC is more negative than
r = —0.38 and reflects thereby not only the reverse course
of predictions and observations, as r does, but additionally the
adverse multiplicative bias.

In February, the predictions are almost unbiased and thereby
not as bad as in January, but nevertheless they are of limited use
because their course does not resemble that of the observations
(r = 0.23). Whereas the classic RMSE does not indicate this
superiority over January (both RMSE =~ 14), RMSE* does, and
even more so PAC, which is strongly negative in January and
slightly positive in February.

March is the only month where the predictions underestimate
the observations, i.e. the additive bias y — Xx is slightly positive.
Moreover, the predictions are poor as they are underdispersed
(Bmuir > 2) and the course runs contrary to that of the observa-
tions (r < 0). This is reflected in a very high RMSE* and MAE*,
and a negative PAC, although even the classic coefficients were
able to detect the failure. We have included this month because
it is interesting in the discussion of the normalizations from the
literature below.
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Figure 5. Joint distributions of predicted (SSA forecast, better: hindcast) and observed monthly rainfall in Ethiopia in the years 1978-1985, together with components of
prediction accuracy (inside the graph areas) and coefficient values (in the titles). The forecasts were obtained from SSA with L = 29 and d = 7 in the years 1920-1977. The

observations were from Climatic Research Unit of the University of East Anglia (2022).

Table 4. Comparative verification of the SSA forecast of monthly Ethiopian rain in the years 1978-1985.

Month Badd Brmult r RMSE RMSE* PAC MAE MAE* NMSE NMSE’ MSESS MAPE
Jan 05 8.63 —0.38 14.9 0.89 058 15 091 1.10 9.51 0.03 1785
Feb —08 1.87 023 143 0.63 021 133 0.70 1.05 195 —0.04 1203
Mar 3.0 2.80 —-0.23 274 079 —025 20.7 075 131 3.66 030 53.0
Apr —19.2 1.72 0.24 359 0.68 0.08 254 043 148 2.55 048 443
May —64.3 097 0.58 69.5 078 —-023 64.3 057 6.01 5.83 —4.85 59.3
Jun —12.1 1.50 0.40 186 0.65 0.16 167 053 1.59 239 0.15 28.1
Jul —16.5 1.80 —0.28 257 0.85 —043 229 0.64 2.76 495 —-0.72 221
Aug —303 1.19 —0.11 45.1 0.80 —028 311 0.46 344 4.08 —1.10 334
Sep —8.4 1.53 0.24 15.0 0.67 0.09 109 042 163 248 028 127
Oct -68 1.86 0.84 275 039 0.70 238 0.40 040 0.75 0.61 475
Nov 247 0.78 0.75 294 057 036 27.1 049 241 1.88 —1.24 M7
Dec —34 462 028 6.6 079 -0.26 5.6 055 124 5.75 —-0.22 1247

Columns 2—-4 show components of agreement between predicted and observed data. Columns 4-5 contain the values of two classic coefficients of prediction accuracy (r
and RMSE). Columns 6-7, bold face, show the values of two of our new normalized coefficients of prediction accuracy; note that RMSE* is an error score, i.e. 0 is best and
1 is worst, while PAC is an accuracy score bound between —1 = worst and 1 = best. Columns 8-9 compare the classic MAE with its new normalised form MAE*. Finally,
columns 10-13 show the values of some “normalizations” from the literature: NMSE and NMSE’ are error scores without upper bounds, MSESS is a skill score indicating
the proportional improvement over a forecast using the 1920-1949 average, and MAPE is a percentage error score without upper bound.

For May, the predicted and the observed rainfall series run
similarly in the forecast period, almost parallel, but with a very
large negative additive bias (on average, about 64 mm less rainfall
was observed than predicted). The quite high value of r =
0.58, however, does not reflect this practically useless prediction.
In contrast, RMSE* = 0.78 and PAC = —0.23 reveal that
the forecast had failed, and (to a slightly lesser degree) also
MAE* = 0.57.

October rainfall was predicted well by the SSA. This can
be seen from the progression similarity of the time courses
in the forecast period in Figure 4, even covering outliers, and
in the quite small additive and multiplicative biases (Table 4).

Accordingly, the high correlation r = 0.84 is almost preserved
in the coeflicient values RMSE* = 0.39, MAE* = 0.40 (small
values are “good”) and PAC = 0.70. October is the only month in
which the SSA forecast succeeded. The classic RMSE = 27.5 and
MAE = 23.8 were almost the same as for March (RMSE = 27.4,
MAE = 20.7) and could thus not indicate this success, whereas
in the absence of biases, the classic r could.

December is interesting because the overall rainfall level is
very low, on average less than 10 mm (Figure 4). The abso-
lute values of RMSE and MAE thus look good (last line of
Table 4). However, the standard deviation of the observations
is more than four times as large as that of the predictions (high
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multiplicative bias), and together with a negligible correlation,
the prediction is in fact useless (compare predicted and observed
rainfall in the forecast period in the last panels of Figures 4 and
5). And whereas r is positive albeit small, the complete failure of
the forecast becomes evident only from the high RMSE* (close
to maximum), to a slightly lesser degree the high MAE*, and the
negative PAC values.

In the last four columns of Table 4, we evaluated four coeffi-
cients proposed in the literature to eliminate scaling and/or bias.
Referring to our categorization in Section 2, two are in category
A.l, i.e. use measures from the sample data to normalize the
original error coefficient: The normalized mean square errors
NMSE (Pokhrel and Gupta 2010) normalizes the MSE at the
variance of the observations, and the NMSE’ (Gupta and Kling
2011) normalizes it at the product of standard deviations of
the predictions and observations. Both are able to diagnose the
success of the October forecast, as their values here are by far the
lowest here (0.40 and 0.75). However, the blatant failure of the
January forecast is not detected by the NMSE, which gives the
third best value of all months here. Obviously, this is due to the
outlier and the correspondingly large variance of the observa-
tions, by which the MSE is divided and an artificially small value
of the NMSE is produced. This illustrates well the criticism made
by Ehret and Zehe (2011). The NMSE’ does not suffer from this
disadvantage, as its January value is the worst of all the months.
In fact, the ranking of its values almost perfectly matches that
of RMSE* and (inversely) the PAC. The only drawback is that
there is no upper limit, which leads to a distortion of the val-
ues, as reflected in the disproportionately high January value
of 9.51.

With the MSESS (Dequé 2012), we also evaluated one coeffi-
cient from category A.2, which are skill scores that use measures
from past data to normalize the original error coefficient. The
MSESS is bounded between 0 and 1, and gives the proportional
improvement of the current prediction over a constant predic-
tion made by the average of the reference period. If the current
data have generally changed relative to the reference, as in cli-
mate change, a “spurious,’ i.e. apparent, skill is produced (Fricker
etal. 2013). Since in our rainfall data, almost no climatic change
is visible, we used the earliest years in the sample 1920-1949 as
reference period and could show at least a small spurious skill
in the September data (see Table 4): The apparent improvement
by 28 % might be due to an average reduction in rainfall (96 mm
for 1978-1985, compared to 109 mm for 1920-1949) rather than
a success of the forecasting model. The MSESS also appeared
to be problematic in that it was unable to detect the blatant
failure of the January forecast (MSESS = 0.03), instead stating
that the November (MSESS = —1.24) and March (MSESS =
—0.30) forecasts were much worse, which is not reflected in the
data.

Finally, we evaluated one of the coefficients from category
B.1 (where each pair of data is individually normalized before
the coefficient is calculated), namely the mean absolute per-
centage error MAPE (Armstrong and Collopy 1992). Since the
prediction error at each point is divided by the observed value
(see Table 3), overestimates (negative additive bias) are penal-
ized more than underestimates (positive additive bias). In our
data, this is evident when comparing March and December:
While our new coefficients RMSE* = 0.79/0.79 and PAC =

—0.25/—0.26 are both (almost) equal here, indicating equally
bad forecasts in March and December, according to MAPE the
unsuccessful March forecast (MAPE = 53) is almost as good
as the really successful October forecast (MAPE = 47.5), while
the December forecast (MAPE = 124.7) is more than twice as
bad. This does not agree with the picture in Figure 5. Moreover,
the best forecast according to MAPE is the September forecast
(MAPE = 12.7), which is not at all supported by the data in
Table 4.

To sum up, we have illustrated with six examples of com-
parative forecast verification that our new normalized coefhi-
cients RMSE*, MSE*, and PAC reflected all points of prediction
accuracy (biases and course), which neither the RMSE (and
its monotonically related concepts) nor the correlation r were
able to do. Other normalizations proposed in the literature have
advantages in some areas, but in our examples of comparative
forecast verification the drawbacks already mentioned in the
literature have become apparent.

6. Conclusions and discussion

This paper deals with the evaluation of forecasts or predictions
of univariate numerical data consisting of subsets with different
scales. In this situation, the classical unit-dependent error coef-
ficients MSE, RMSE, or MAE are not applicable.

We have developed new normalizations of these classical
coefficients: The normalized mean squared error MSE*, its
root RMSE*, and the normalized mean absolute error MAE*.
They range between 0 (indicating perfect prediction) and 1
(indicating the maximum MSE, RMSE or MAE value that is
possible when the two series of data at hand, predicted and
observed, are considered separately, regardless of their pairing).
The idea is the same as in calculating the correlation r as a
normalized covariance. We also suggest an alternative form
of the MSE*, the prediction accuracy coefficient PAC, which
ranges between —1 and 1. It may become popular because
its interpretation is familiar to that of the correlation coef-
ficient r, and even equals r if the data are standard scores
(z-scaled).

In a variety of disciplines, the problems of forecast verification
or modeling using differently scaled data are well known. In
response to these problems, the various disciplines have devel-
oped a variety of normalizations and other modifications of the
classic coefficients of prediction accuracy MSE, RMSE, MAE,
and r. However, almost all of these modifications either treat
the two sets of data, predicted and observed, asymmetrically,
or rely on past data, both of which may introduce new bias
and artificial skill. Our MSE*, RMSE*, MAE*, and PAC avoid
these two clusters of problems in comparative forecast veri-
fication and modeling. In the present paper, we have exam-
ined some properties of the new coeflicients algebraically and
empirically, the latter using small artificial datasets and a case
study. In particular, we have shown that our new coefficients
account well for three conditions in the data that are neces-
sary for good agreement between predicted and observed data:
The absence of an additive bias, the absence of a multiplica-
tive bias, and a similar trajectory of ups and downs over time
or space.



There are two very different research scenarios for which
we particularly recommend our new coeflicients: The first is
what we call “comparative forecast verification” This involves
forecasting future data for subsets with different scales and eval-
uating the forecast with later observations. Here we propose our
new coefficients without any restrictions. The second is what
we call “comparative modeling” Here the predictions do not
concern the future, but represent a model fit to observations con-
sisting of subsets with different scales. The coefficients are used
to assess the agreement between predictions and observations in
the process of model fitting, i.e. choosing model parameters so
that the coefficients indicate an optimal fit. In this scenario, our
new normalized coeflicients are only necessary if the predictions
are made other than by linear least-squares modeling of the
observations, because for linear least-squares models one can
use the well-known R? or r to optimize the fit.

In brief, the typical application for our new coefficients is a
case where two conditions meet: The data consists of subsets
with different scales, and the predictions are not made by a linear
least-squares model fit of the observations (which is trivially the
case in comparative forecast verification). Such a typical applica-
tion case was chosen in Section 5 to demonstrate the advantages
of our new coefficients on a data example from atmospheric
science.

Further work is needed to establish the coefficients in practice
in the various disciplines. First, their properties and behavior
under different conditions should be studied in more detail, for
example with simulated data. Second, their relationship to exist-
ing ideas of normalization or modification of the coeflicients
MSE, RMSE, MAE and r needs to be investigated both math-
ematically and empirically. In the present paper, we have only
given a rough overview of the literature on such approaches, and
have not gone into depth. Third, the stochastic properties of our
new coeflicients need to be studied, with or without assumptions
about the distribution of the random variable from which we
assume our finite data sample was drawn. Bootstrapping might
be a good place to start with the latter.
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